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Abstract
Within the framework of residual symmetry, two Z2 type associate µτ interchange
symmetries robustly constrain the Dirac CP phase δ in a model independent way. Both
of them predict simultaneous maximality of δ and the atmospheric mixing angle θ23. We
show how these well known correlations will be changed if we generalize the µτ interchange
symmetry to a µτ mixing symmetry. In particular, we show that the stringent condition
of simultaneous maximality could be relaxed even with a very small departure from the
exact µτ interchange. In addition, the present neutrino data on δ and θ23 can be explained
better by the mixing symmetry. After discussing the impact of the µτ mixing in some
realistic neutrino mass models, we show how the proposed mixing could be realized with two
simultaneous CP transformations which also lead to novel and testable correlations between
δ and the mixing angles θij . Next we discuss in particular, the ‘three flavour regime’ of
leptogenesis within the CP extended framework and show, unlike the ordinary CP extended
µτ interchange symmetry, a resonant leptogenesis is possible due the generalization of
µτ interchange to the µτ mixing and the produced baryon asymmetry always requires a
nonmaximal θ23 owing to the fact that the baryon to photon ratio ηB vanishes in the
exact limit of θ23 = pi/4. This is one of the robust prediction of this framework. The CP
extended µτ mixing is also a novel example of a low energy effective model which provides
an important insight to the off-diagonal terms of the flavour coupling matrix which have
usually been neglected in literature to compute the final baryon asymmetry, in particular
in the models with flavour symmetries.
1 Introduction
In the present era of precision measurement of neutrino oscillation parameters such as the three
mixing angles and two independent mass-squared differences, yet unsettled issues like the mass
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ordering, octant of the atmospheric mixing angle θ23 and the value of the Dirac CP phase δ
have also drawn a lot of attention. Precise determination of the first two, for example, would
confront many of the Grand Unified Theories (GUT) [1–10] of neutrino masses and mixing
while a CP violating value of δ would have an immense implication on the observed dominance
of matter over the antimatter [11–17]. Latest combined global analysis of experiments such as
T2K [18], NOνA [19], MINOS [20], RENO [21] favours a Normal Mass Ordering (NMO) at
2σ [22, 23] and shows a preference for the second octant of θ23 with a best-fit sin
2 θ23 = 0.58.
On the other hand, best fits for the phase δ are close to 284◦ for an Inverted Mass Ordering
(IMO) and 215◦ for a NMO while the CP conserving values (i.e., δ = 0, pi) as well as one of
the CP violating value δ = pi/2 are disfavoured at 70% CL and 99% CL respectively [22]. For
the NMO with solar and atmospheric mass-squared differences as ∆m212 = 7.39
+0.21
−0.20×10−5eV2
and ∆m231 = 2.52
+0.033
−0.032 × 10−3eV2, global fit values of the three mixing angles and the CP
phase δ are summarized in TABLE 1.
Table 1: Best-fit, 1σ and 3σ ranges of three mixing angles and the Dirac CP phase δ for NMO (NuFIT
[22])
θ12/
◦ θ23/◦ θ13/◦ δ/◦
bf ± 1σ 33.82+0.78−0.76 49.6+1.0−1.2 8.61+0.13−0.13 215+40−29
3σ 31.61→ 36.27 40.3→ 52.4 8.22→ 8.99 125→ 392
Thus, it is a crucial juncture in regard to the measurement of δ as well as θ23, since
many of the well-acknowledged neutrino mass models that predict, e.g., a co-bimaximal mix-
ing (θ23 = pi/4, δ = pi/2, 3pi/2) [24–28] would undergo a serious experimental test.
Despite having a decent theoretical understanding at least on the leading order neutrino
mixing [29] and other testable parameters such as δ [30], the paradigm of residual symmetry
[31–33] turns out to be one of the most economical and promising approach since one really
does not require the values of the elements of the light neutrino mass matrix Mν to predict the
mixing parameters [31]. For a given neutrino Majorana mass matrix Mν and a representation
of the residual symmetries in the flavour space Ga, a horizontal invariance (Ga)TMνGa = Mν
(a = 1, 2, 3) together with the diagonalization condition UTMνU = diag(m1,m2,m3) imply
Ga = UdaU † with (da)ij = ±δij , (1.1)
where U is a unitary matrix that diagonalizes Mν having nondegenerate eigenvalues. Thus the
columns of the mixing matrix are simply the eigenvectors of horizontal symmetry matrix Ga
with eigenvalues±1. It can be shown that out of eight possible da, only two are independent [31]
which lead to a closure property GaGb = Gc with a 6= b 6= c. Since each G generates a Z2
symmetry, the entire neutrino mixing could be interpreted as a consequence of a residual Z2×Z2
symmetry. It also follows from Eq.1.1 that G2 = I, detG = ±1. One can restrict to, without
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any loss of generality detG = +1 leading to two independent choices of d: d1 = diag (1,−1,−1)
and d2 = diag (−1, 1,−1) with d3 = d1d2. The choice detG = −1 would then be a trivial option
with all the d matrices upto an overall minus sign. Thus, given a neutrino mixing matrix U
and d1,2, one can construct the corresponding Z2 generators G1,2 using Eq.1.1. For example,
within the PDG convention [34], a leading order mixing matrix Uµτ0 could be used along with
d3 to reconstruct the well known µτ interchange symmetry Gµτ3 [35] matrix:
Uµτ0 =

p x 0
− x√
2
p√
2
1√
2
x√
2
− p√
2
1√
2
 d3==⇒(1.1) Gµτ3 =
−1 0 00 0 1
0 1 0
 , (1.2)
where, p ≡ cos θ◦12 and x ≡ sin θ◦12 with θ◦12 being the solar mixing angle. Using Eq.1.1 and
d1,2, the other two matrices, i.e., Gµτ1,2 can easily be constructed. We would like to call them
the associate µτ symmetries. Since a nonzero value ∼ 9◦ for the reactor mixing angle has
been confirmed at more than 5.2σ [36], Gµτ3 invariance must be broken in the neutrino mass
term. However, due to the presence of Gµτ1 (Gµτ2 ) and the corresponding d1 (d2) matrix, one
can simply ‘rotate’ Uµτ0 in 2-3 (1-3) plane to obtain a nonzero reactor mixing angle θ13 and
hence the phase δ. It is to be noted, that these rotations are very natural possibilities due to
the degenerate eigenvalues of Gµτ1,2 matrices. For any light neutrino mass matrix that enjoys
such an invariance, the authors of Ref. [32] showed that the phase δ could be calculated as
cos δ =
(s223 − c223)(s212 − c212s213)
4c12s12c23s23s13
for Gµτ1 , (1.3)
cos δ =
(c223 − s223)(c212 − s212s213)
4c12s12c23s23s13
for Gµτ2 , (1.4)
where θ23, θ12, θ13 are the atmospheric, solar and reactor mixing angles respectively. For a
given 3σ range [22] of θ12 and θ13, the relations in Eq.1.3 and Eq.1.4 predict a simultaneous
maximality (δ = pi/2 or 3pi/2 and θ23 = pi/4). Keeping in mind that still there are no definite
statements regarding the values of δ and θ23, we propose a generalization of the associate µτ
interchange symmetries and we call them as associate µτ mixing symmetries. The mixing
symmetry could relax the simultaneous maximality of δ and θ23, i.e., unlike the prediction of
exact µτ interchange(cf. Eq.1.3), in this scenario, nonmaximal value of δ (θ23) is allowed for
a maximal value of θ23 (δ). General µτ symmetry is basically a ‘mixing’ between µ and τ
neutrino flavours unlike the conventional µτ ‘interchange’. Similar to the Gµτ3 generator (cf.
Eq.1.2), we can derive the same (we designate it as Ggµτ3 ) for the µτ mixing, starting from the
leading order mixing matrix Ugµτ0 as
Ugµτ0 =
 p x 0−xq pq y
xy −py q
 , (1.5)
where y = sin θg and q = cos θg with θg being the µτ mixing parameter and using Eq.1.1. Thus
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Ggµτ3 could be constructed as
Ggµτ3 =
−1 0 00 − cos 2θg sin 2θg
0 sin 2θg cos 2θg
 . (1.6)
Note that for θg = pi/4, we recover the usual µτ interchange symmetry Gµτ3 (cf. Eq.1.2). For an
elaborate discussion regarding the high energy flavour models that break down to low energy
residual symmetries like Ggµτ3 , we refer to [37, 38]. Similar to [32], in our proposal also, due
to the vanishing θ13, we opt for the predictions of the associate µτ mixing symmetries Ggµτ1,2
assuming the Ggµτ3 is broken. It is now trivial to anticipate, that the parameter θg 6= pi/4 is
entirely responsible for θ23 and δ not being simultaneously maximal. Having set up all the
necessary prerequisites, we opt for a three step presentation of this paper. In the first step, we
primarily obtain δ as δ ≡ f(θ23, θ12, θ13, θg) (Eq.2.7 & 2.11) for both the associate µτ mixing
symmetries in a model independent way. Then we present a very general numerical analysis.
For example, for the given maximality of θ23 (δ) we try to show how far θg could deviate
from pi/4 for the allowed nonmaximal value of δ (θ23). We find that the deviation (measured
by a parameter θd = θg − pi/4) cannot be very large, in particular for Ggµτ2 , the deviation
is significantly small. To compare our results with exact µτ interchange, we then present a
distribution of cos δ for a small value of θd taking into account a Gaussian distribution and
1σ error for the other mixing angles. In the second step, we discuss how the parameter θg
could be related to a realistic model parameter in neutrino mass models such as softly broken
D4 [38], Scaling Ansatz [39–45], four texture zeros in neutrino Dirac mass matrix within Type-I
seesaw [47] etc. In the third step, we show how the associate mixing symmetries Ggµτ1,2 could
be a consequence of two simultaneous CP transformations [48–50] in the neutrino mass terms.
We then derive novel correlations between δ and the mixing angles θij in this class of models.
Finally, from the perspective of leptogenesis, we show this CP extended µτ mixing symmetry
is more interesting than the CP extended µτ interchange which has been a subject of recent
interest in neutrino mass models [51–63]. In particular, we focus on the ‘three flavour regime’
of leptogenesis [64–66] and show, unlike the CP extended µτ interchange, a resonant leptoge-
nesis [67] is possible in our scheme. In this framework, a nonzero value of baryon asymmetry
always requires nonmaximality in θ23. We also demonstrate that the CP extended µτ mixing
symmetry is a novel and nice example that shows the importance of the off-diagonal terms of
the flavour coupling matrix [68–71] which have usually been neglected in the computation of
leptogenesis, particularly, in the models with flavour symmetries.
The rest of the paper is organized as follows. Sec.2 and its various subsections deal with
the explicit theoretical formalism to derive the model independent constraints and some pic-
torial representations of the sensitivity of the parameters δ and θ23 with the newly introduced
parameter θg that generalises µτ interchange to µτ mixing. We then compare our results with
the exact µτ interchange symmetry and discuss the significance of the parameter θd in neutrino
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mass models such as Scaling Ansatz. In Sec.3 we demonstrate the CP extended µτ mixing
and its consequences. In Sec.4 we present a qualitative as well as a quantitative description of
leptogenesis within the framework of CP extended µτ mixing. Finally, we conclude our work
in Sec.5.
2 Model independent correlations in µτ mixing symmetry
In this section, for both the associate mixing symmetries, we derive the analytical correlations
among the Dirac CP violating phase, mixing angles and the proposed mixing parameter θg
and try to show the compatibility of the scenario with recent neutrino oscillation data [22]. A
systematic analysis is given in what follows.
2.1 Consequences of Ggµτ1 invariance
As already introduced in the previous section, the matrix d1 = diag(1,−1,−1) has two degen-
erate entries. Therefore, given the symmetry Ggµτ1 and the diagonalization condition in Eq.1.1,
the second and third columns of the mixing matrix Ugµτ0 are not unique. It could be rotated
in the 2-3 plane due to the aforementioned two-fold degeneracy. This is intriguing because the
phenomenological requirement of having a nonvanishing reactor mixing angle finds a natural
symmetry justification. With the choice of a most general unitary rotation matrix U23θ [32] in
the 2-3 plane
U23θ =
1 0 00 cθ sθeiγ
0 −sθe−iγ cθ
Pφ, (2.1)
where Pφ = diag(e
iφ1 , eiφ2 , eiφ3), a phenomenologically consistent PMNS matrix U = Ugµτ0 U
23
θ
is obtained as
U =
 p xcθ xsθe
iγ
−xq (pqcθ − ysθe−iγ) (ycθ + pqsθeiγ)
xy −(pycθ + qsθe−iγ) (qcθ − pysθeiγ)
Pφ. (2.2)
We now compare Eq.2.2 to the PMNS matrix which is parametrized according to the PDG
convention [34] as
UPMNS = Pχ
 c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ c13s23
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c13c23
PM , (2.3)
where Pχ = diag (e
iχ1 , eiχ2 , eiχ3) is a unphysical phase matrix and PM = diag (1, e
iα
2 , ei
β
2 )
represents the Majorana phase matrix.
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Comparing the (11), (12) and (13) element of Eq.2.2 and Eq.2.3, we find
c12c13 = p, χ1 = φ1, (2.4)
s12c13 = xcθ,
α
2
+ χ1 = φ2, (2.5)
s13 = xsθ, χ1 − δ + β
2
− γ = φ3. (2.6)
Equating the quantity |U21|2−|U31|2 of Eq.2.2 with the same of Eq.2.3 and using Eq.2.4-Eq.2.6,
we obtain
cos δ =
(s223 − c223)(s212 − c212s213) + cos 2θg(s213 + c213s212)
4c12s12c23s23s13
, (2.7)
where we have re-expressed y, q in terms of θg. As expected, for θg = pi/4, Eq.2.7 reduces to
Eq.1.3 which is the prediction of Gµτ1 . For numerical purpose, it is convenient to parametrize
θg as θg = pi/4 + θd. With this parametrization, it would be easier to realize the variation
of the observables with respect to θd which is a measure of the deviation from the usual µτ
interchange symmetry. Introduction of the mixing parameter θg now enables us to explore
various interesting aspects of Eq.2.7. For example, if we set the atmospheric mixing angle θ23
to be maximal, the deviation of cos δ from its maximal value can be tracked with θd from
cos δ =
cos 2(pi/4− θd)(s213 + c213s212)
2c12s12s13
. (2.8)
For the best-fit values of θ12 and θ13 (TABLE 1), we present a variation of δ with θd (left) for
µτ mixing and δ with θ23 for µτ interchange
1 (right) in Fig.1.
Figure 1: For Ggµτ1 (left): Variation of δ with θd, where the latter is a measure of deviation from µτ
interchange symmetry or the strength of µτ mixing. Here, 2pi − δ is also an allowed solution for the
same values of θd. For Gµτ1 (right): Variation of δ with θ23. These plots are generated using the best-fit
values for θ13 and θ12 for Normal mass ordering [22].
1From now on when we address predictions of µτ mixing or µτ interchange, it could be assumed that we are
implying the predictions for the associate symmetries.
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It is evident from the first figure (left) in Fig.1, that the robust prediction of simultaneous
maximality coming from µτ interchange (cf. Eq.1.3) has now been relaxed (represented by
the blue line for θ23 = 45
0) since θd can be different from zero. In fact, one can see that the
deviation of δ from its maximal value is very much sensitive to θd, e.g., a deviation of the
former from 3pi/2 to 5pi/4 only requires a value ≈ pi/20 for the latter. The red line represents
the variation of δ for the current best-fit value θ23 = 49.6
0 for NMO. As one can see, in the µτ
interchange limit (θd = 0) best-fit of θ23 is not consistent with the current best-fit of δ = 215
0
(represented by the horizontal black dotted line). However, in the proposed µτ mixing scheme,
one can fit the best-fits simultaneously just by tuning a single parameter θd (∼ pi/12) as shown
by the red line. The figure in the right hand side shows a variation of δ with θ23 for the exact
µτ interchange symmetry. It is interesting to notice, that even within the 3σ range of θ23,
one cannot reconcile the best-fit value of δ. Thus from the view point of current experimental
results, the proposed Ggµτ1 is a more admissible symmetry than the Gµτ1 . This can also be
realized more clearly from the Fig.2 where we present a statistical comparison between the
predictions of µτ interchange (Gµτ1 ) and µτ mixing (Ggµτ1 ). The probability density plot in the
left hand side in Fig.2 shows, for the Gµτ1 , most probable values of δ lie within a region centered
approximately around δ ∼ 2900 which is far away (tension is ∼ 2σ) from the best-fit 2150 for
NMO.
Figure 2: For Gµτ1 (left): Probability distribution of δ with θ23. For Ggµτ1 (left): The same plot but for
θd = pi/12. Here we have used Gaussian distribution for each of the mixing angles with 1σ errors.
On the other hand, as also explained earlier, for the best-fit of θ23, the most probable values
of δ could be reconciled with the best-fit 2150 for θd = pi/12
0. As shown in the figure in the
right hand side of Fig.2, the entire pattern (shown in the left side) has shifted near the best-fit
shown by the green ‘∗’. Before discussing the consequences of Ggµτ2 , let us us quickly address
some important points. First of all, when we say the µτ interchange (Gµτ1 ) is disfavoured, we
always mean a Normal mass ordering. As one can see from Fig.2 (left hand side), best-fit of
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δ (= 2840) for Inverted mass ordering could be well reconciled within 1σ of θ23. However,
as mentioned in the introduction, that the IMO seems to be disfavoured now by the current
experimental data. One might also wonder how the mixing parameter θg = pi/4 + θd could be
realized in a realistic neutrino mass model. Because so far it appears to be a model independent
tunning parameter, except the mention to Ref. [37,38] in the introduction. In Sec.2.3, we shall
briefly discuss some models regarding the relation of θg with the model parameters and show
indeed there is a large class of models that exhibit µτ mixing at low energy.
2.2 Consequences of Ggµτ2 invariance
In this case, a rotation in 1-3 plane is possible due to the degeneracy in d2 = (−1, 1,−1)
matrix. By choosing a most general unitary rotation matrix U13θ [32] as
U13θ =
 cθ 0 sθe
iγ
0 1 0
−sθe−iγ 0 cθ
Pφ (2.9)
we construct the phenomenologically viable PMNS matrix U = Ugµτ0 U
13
θ which is given by
U =
 pcθ x psθe
iγ
−(xqcθ + ysθe−iγ) pq (ycθ − xqsθeiγ)
(xycθ − qsθe−iγ) −py (qcθ + xysθeiγ)
Pφ. (2.10)
Figure 3: For Ggµτ2 (left): Variation of δ with θd, where the latter is a measure of deviation from µτ
interchange symmetry or the strength of µτ mixing. Here, 2pi − δ is also an allowed solution for the
same values of θd. For Gµτ2 (right): Variation of δ with θ23. These plots are generated using the best-fit
values for θ13 and θ12 for Normal mass ordering [22].
Following a similar procedure demonstrated previously for Ggµτ1 , we compare Eq.2.10 with
the PMNS matrix of Eq.2.3 and equate the quantity |U22|2− |U32|2 of both the matrices. This
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results in
cos δ =
(c223 − s223)(c212 − s212s213)− cos 2θg(s213 + c213c212)
4c12s12c23s23s13
. (2.11)
Thus for θg = pi/4, we recover Eq.1.4. Similar to the previous case parametrizing θg = pi/4+θd
and setting θ23 = pi/4, one can track the nonmaximality of δ due to the maximal value of θ23
(cf. plot in the left hand side in Fig.3) with the correlation
cos δ =
− cos 2(pi/4− θd)(s213 + c213c212)
2c12s12s13
. (2.12)
Figure 4: For Gµτ2 (left): Probability distribution of δ with θ23. For Ggµτ2 (left): The same plot but for
θd = pi/12. Here we have used Gaussian distribution for each of the mixing angles with 1σ errors.
In Fig.3 (left figure), the red line represents the variation of δ with θd for the best-fit of
θ23 = 49.6
0. We find a remarkable ‘coincidence’ of Eq.1.4 with the present data on θ23 and δ.
It is evident from the figure in the left hand side in Fig.3 (also in Fig.4), one needs really a tiny
departure (numerically, θd less than −0.50) from exact µτ interchange to fit the most probable
values of δ simultaneously with the best-fit of δ and θ23. When we opt for a larger departure
from µτ interchange, even with θd = −10, the most probable values of δ start to move towards
CP conserving values as shown in the figure in the right hand side of Fig.4. Thus as far as
the current data on δ and θ23 is concerned, undoubtedly, µτ interchange (here Gµτ2 ) is a better
symmetry to explain the data than the proposed µτ mixing (here Ggµτ2 ). However, compared to
the previously released data [23], the new data [22] shows a tendency to move towards the CP
conserving values mainly driven by NOνA anti-neutrino appearance channel [22]. If this trend
continues, one has to think beyond µτ interchange symmetry. In that case, the µτ mixing (as
shown in the figure in the right hand side in Fig.4) could be a good option to explain the data.
So we conclude this section with the remark that, to explain the present data, the proposed
Ggµτ1 (mixing) symmetry has an edge over the Gµτ1 (interchange), whereas the symmetries which
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are in the class of G2, to explain the present data, the interchange scenario is better than the
proposed mixing scenario.
2.3 µτ mixing in some neutrino mass models
In this section, we discuss some examples of the low energy residual µτ symmetry so that the
parameter θg could be connected to the model parameter(s). Indeed there is a large class of
models that belong to the mixing category. For example the authors of Ref. [37,38] derive the
mixing from explicit symmetry group D4 where the µτ mixing parameter θg could be related
to the model parameter as
cos 2θg ∼ −µsoft
M
, (2.13)
where µsoft is a soft breaking term in the D4 model and M is the mass scale of the RH neutrinos
needed to obtain Type-I seesaw light neutrino masses. The model predicts the same leading
order mixing matrix as shown in Eq.1.5. Now to generate a nonzero θ13 we can further add
soft breaking terms to the model. However, notice that, here the introduction of new breaking
terms corresponds to the rotation of the leading order mixing matrix (cf. Eq.2.1) and the final
prediction (cf. Eq.2.7) is independent of the rotation angle. Since in general, generation of
nonzero θ13 requires small breaking terms, Eq.2.13 still holds at the leading order. But unlike
the D4 model, cos 2θg is not directly related only to θ23 but it connects θ23 and δ with the
correlations shown in Eq.2.7 or Eq.2.11. The authors of Ref. [37, 38] conclude, that to test
a sizeable deviation of physical parameters such as θ23 one needs the scale of µsoft of same
order as the mass scale of the RH neutrinos requiring a large deviation from µτ interchange
(cos 2θg ' 1). However, as we have shown in the previous section, even with a small departure
from the interchange symmetry, one can test the parameters δ and θ23 with the correlations
derived in this paper. Thus the scale of µsoft and M need not be the same. In fact one needs
much smaller scale for µsoft than the scale M . Models with Scaling Ansatz or Simple Real
Scaling (SRS) originally proposed in Ref. [39] and then analysed at length in Ref. [40–46], also
belong to the µτ mixing category. As derived in Ref. [41], the residual symmetry for SRS is
given by
Gk3 =
−1 0 00 (1− k2)(1 + k2)−1 2k(1 + k2)−1
0 2k(1 + k2)−1 −(1− k2)(1 + k2)−1
 , (2.14)
where ‘k’ is the scale parameter of the model that scales, for example, one row of Mν with the
other row or one column with another column [39]. Thus the scale parameter of the model
could be constrained simply by the relation
k =
1± cos 2θg
sin 2θg
(2.15)
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along with Eq.2.7 or Eq.2.11. One can also constrain the parameters of models like four zero
textures (in charge lepton flavour basis) within Type-I seesaw [47], so called discrete Dark
Matter (DM) models [72,73] as well as the models with global U(1) symmetries [74–77] which
at the leading order, show up a µτ mixing scheme at low energy. However, we would like to
stress that at this stage, where the precise values of δ and θ23 are yet to be measured, if the
µτ mixing parameter can be constrained a priori by some other constraints, (e.g., the mass-
squared differences, the mixing angles other than θ23 or some cosmological phenomenon such
as leptogenesis etc.) then Eq.2.7 or Eq.2.11 could be used to predict δ or θ23. So the models
with µτ mixing symmetry and lesser number of parameters (such as Scaling Ansatz+ texture
zeros [45]) are most welcome.
3 CP extension of the µτ mixing symmetry
3.1 CP symmetry in a general light neutrino mass term
So far the discussion was quite general. In this section we want to explore some special
class of µτ mixing. Since in general, only flavour symmetries are not sufficient to predict the
CP violating phases, a lot of effort has been devoted in past few years to ameliorate flavour
symmetries with CP symmetries [63] by demanding the invariance of the neutrino mass term
with the field transformation
νL` → i(Ga)`mγ0νCLm (a = 1, 2, 3). (3.1)
Though one has always to be consistent with the ‘consistency condition’ to have a combined
theory of flavour and CP [51,52]. The consistency condition can be written as
Xrρ
∗
r(g)X
−1
r = ρr(g), (3.2)
where Xr is a unitary matrix representing CP symmetry which acts on a generic multiplet ϕ
as
Xrϕ(x)
CP−−→ Xrϕ(x′) (3.3)
with x′ = (t,−x) and ρr(g) is the representation for the element g of the flavour group in an
irreducible representation r. Eq.3.1 leads to the complex invariance
GTaMνGa = M∗ν . (3.4)
Now at low energy, among the three residual Z2 generators, if two of them, say, G2 and G3
correspond to the complex invariances
GT2 MνG2 = M∗ν ,GT3 MνG3 = M∗ν , (3.5)
the remaining one, i.e., G1 automatically satisfies a real invariance [50]
GT1 MνG1 = Mν . (3.6)
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Now it is trivial to show, that Eq.3.2 is satisfied, since in this case, Eq.3.2 would imply
G2G1G−12 = G1, (3.7)
G3G1G−13 = G1 (3.8)
and since by construction GaGb = Gc for a 6= b 6= c, the left and right hand sides of the above
equations are consistent. Similarly, one obtains a real invariance for G2, for the simultaneous
complex invariances for G1 and G3. However, note that, if we demand the complex invariances
for G1 and G2, we obtain a real invariance for G3 which is not acceptable, since, that will
correspond to a vanishing θ13. Let us now turn into the computation of the Dirac CP phases
for both the acceptable real invariances, i.e., (Ggµτ1 )TMνGgµτ1 = Mν and (Ggµτ2 )TMνGgµτ2 = Mν .
For the both the cases, the second of (3.5) leads to [78,79]
sin δ = ± sin 2θg
sin 2θ23
. (3.9)
Eliminating θg from (2.7) and (3.9) for Ggµτ1 whereas doing the same from (2.11) and (3.9) for
Ggµτ2 we obtain a generic expression for cos δ as
cos δ =
AiB ±
√
A2iB
2 − (B2 + C2i sin2 2θ23)(A2i − C2i cos2 2θ23)
(B2 + C2i sin
2 2θ23)
, (3.10)
where i = 1, 2 corresponds Ggµτi symmetries. The parameters Ai, B and Ci are the functions
of the mixing angles θij with the explicit expressions
A1 = (s
2
23 − c223)(s212 − c212s213), A2 = (c223 − s223)(c212 − s212s213), (3.11)
C1 = (s
2
13 + c
2
13s
2
12), C2 = (s
2
13 + c
2
13c
2
12), (3.12)
B = 4c12s12c23s23s13. (3.13)
The novel correlations obtained in Eq.3.10 are exact and can be further simplified if terms
O(s413) is dropped. Interestingly, both the relations are independent of θg and coincide with
the prediction cos δ = 0 for CP extended µτ (CPµτ ) [24,25] in the limit θ23 → pi/4.
In Fig.5, we have shown the predictions of CP extended µτ mixing. The figures in the top
panel are for the real invariance for Ggµτ1 (for each case there are two solutions due the ‘±’ sign
in Eq.3.10) and those which are in the bottom panel are for the real invariance for Ggµτ2 . Notice
that unlike the CPµτ (CP extended µτ interchange [26]) which predicts co-bimaximal mixing
(δ = ±3pi/2 and θ23 = pi/4) here nonmaximal atmospheric mixing is allowed, however, the most
probable values of δ are clustered around their near maximal values. Thus significant deviation
from maximality of δ would rule out the scenario (present data on δ for NMO is at ∼ 1.37σ
tension with the predictions obtained in the CP extended µτ mixing). Before proceeding
further into the discussion of the CP extended µτ mixing in Type-I seesaw framework with
the motivation to explore possible implications on baryogenesis via leptogenesis, let’s point out
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an interesting aspect regarding the class of the CP extended µτ mixing within the proposed
µτ mixing. We have seen in Sec.2, introduction of µτ mixing instead of the µτ interchange
symmetry, adds up two more degrees of freedom. To be precise, for both the cases, whilst
simultaneous nonmaximal values for δ and θ23 are allowed, only for the µτ mixing scenario, we
can test nonmaximality in one parameter for a maximal value of the other. Therefore there
are two options i) δ could be maximal but θ23 is not ii) θ23 could be maximal but δ is not.
Figure 5: For the real invariance (Ggµτ1 )TMνGgµτ1 = Mν (top): Probability distribution of δ with θ23.
For the real invariance (Ggµτ2 )TMνGgµτ2 = Mν (bottom): Probability distribution of δ with θ23. Here
we have used Gaussian distribution for each of the mixing angles with 1σ errors.
From Fig.5, it is evident that the CP extended µτ mixing belongs (approximately) to the
case ‘i’. Explicit flavour models for the case ‘ii’ could also be interesting in future since we
don’t have any precise statements on the value of δ and θ23 at this moment.
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3.2 CP symmetry in Type-I seesaw
We may now proceed to the discussion of this extended CP in Type-I seesaw mechanism. It
is well known that to obtain light neutrino masses one has to introduce singlet right handed
(RH) fields as a minimal extension to the Standard Model (SM). Thus with the introduction
of the singlet fields NRi, in the diagonal basis of the RH neutrinos, the Lagrangian for the
Type-I seesaw reads
−Lνmass = N¯iR(mD)iαlLα +
1
2
N¯iR(MR)iδijN
C
jR + h.c. (3.14)
with α = e, µ, τ and i = 1, 2, 3. The first term in Eq.3.14 is a Dirac type and the second term is
a Majorana type mass term which together lead to the effective 3× 3 light neutrino Majorana
mass matrix Mν as
Mν = −mTDM−1R mD. (3.15)
In the diagonal basis of the charged lepton as well as the heavy RH neutrinos, a CP invariant
light neutrino mass matrix
GTMνG = M∗ν (3.16)
could be obtained with the following transformation on mD.
mDG = −m∗D (3.17)
We refer to Refs. [26, 44, 80], to realize how in the diagonal basis of charged lepton and heavy
neutrinos, CP is applied to the Type-I seesaw Lagrangian. Now in our case, to have a real
invariance for Ggµτ1 as well as Ggµτ2 one needs the following transformations.
mDGgµτi = −m∗D,mDGgµτ3 = −m∗D. (i = 1, 2) (3.18)
For both the cases, the most general form of mD that satisfies the second constraint of Eq.3.18
can be parametrized as
mD =
a b1 + ib2 −b1 tan θg + ib2 cot θge c1 + ic2 −c1 tan θg + ic2 cot θg
f d1 + id2 −d1 tan θg + id2 cot θg
 , (3.19)
where all the parameters are real and a priori unknown. There will be other constraints (the
parameters b1, c1, d1 could be expressed in terms a, e, f and θg) on the mass matrix mD of
Eq.3.19 due to the first transformation in Eq.3.18. However, those transformations are not
important in this paper, since we present the discussion of leptogenesis with few benchmark
values (particularly for the decay parameters Kiα and the CP asymmetry parameters iα as
given in the next section) which are always compatible with those transformations2. In any
2Even after considering the constraints from Ggµτ1,2 , the number of effective parameters in mD are more than
the number of experimental constraints.
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case, those constraint equations could easily be derived as shown in Ref. [44]. But what
matters here, the overall structure of mD shown in Eq.3.19. Having set up all the necessary
prerequisites, we are now ready to explore the baryogenesis via leptogenesis in the CP extended
µτ mixing framework.
4 Baryogenesis via leptogenesis in the extended CP framework
Baryogenesis via leptogenesis is a process where CP violating and out of equilibrium decays
of the heavy RH neutrinos produce lepton asymmetry which is thereafter converted to baryon
asymmetry by non-perturbative sphalerons [81]. For a simplified discussion we opt for a two
RH neutrino scenario where the decays and interactions due to N1 and N2 would matter to the
process of leptogenesis. However, the qualitative results drawn in a two RH neutrino scenario
would also be relevant for a three RH neutrino scenario. When the masses of the two RH
neutrinos are in the regime Mi > 10
12 GeV where all the charged lepton flavours are out of
equilibrium [64–66], quantum states |`i〉 produced by the decay of RH neutrinos can be written
as a coherent superposition of the flavour states |`α〉 as
|`i〉 = Aiα |`α〉 , (4.1)
|¯`i〉 = A¯iα |¯`α〉 . (i = 1, 2, α = e, µ, τ) (4.2)
The amplitudes at the tree level are given by
A0iα =
mDiα√
(mDm
†
D)ii
and A¯0iα =
m∗Diα√
(mDm
†
D)ii
. (4.3)
Since there is no interaction to break the coherence of the quantum states before it inversely
decays to Ni, the asymmetry will be produced along the direction of |`i〉(or |¯`i〉) in the lepton
flavour space. In that case, the set of classical kinetic equations relevant for leptogenesis could
be written as [15]
dNNi
dz
= −Di(NNi −N eqNi), with i = 1, 2 (4.4)
dNB−L
dz
= −
2∑
i=1
εiDi(NNi −N eqNi)−
2∑
i=1
WiNB−L, (4.5)
with z = M1/T . Eq.4.4 tracks the dynamics of the RH neutrinos (production+decay) while
Eq.4.5 tracks the lepton asymmetry which survives in the interplay of the production (first
term) and washout (second term), as a function of z. NNi ’s and NB−L are the abundances
computed per number of Ni’s in ultra-relativistic thermal equilibrium. Defining xij = M
2
j /M
2
i
and zi = z
√
x1i, , the decay terms can be written as
Di =
ΓD,i
Hz
= Kix1iz〈1/γi〉, (4.6)
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where total decay rates ΓD,i are given by ΓD,i = Γ¯i + Γi = ΓD,i(T = 0)〈1/γi〉 with 〈1/γi〉 as
the thermally averaged dilation factor and can be expresses as the ratio of two modified Bessel
functions as
〈1/γi〉 = K1(zi)K2(zi) . (4.7)
The decay parameter Ki is given by
Ki ≡ ΓD,i(T = 0)/H(T = Mi). (4.8)
The equilibrium abundance of Ni is given by N
eq
Ni
= 12z
2
iK2(zi) and the CP asymmetry εi =∑
α εiα is given by
εi =
∑
α
Γiα − Γ¯iα
Γi + Γ¯i
(4.9)
with the flavoured CP asymmetry εiα as [82]
εiα =
1
4piv2hii
∑
j 6=i
Im{hij(mD)iα(m∗D)jα}
[
f(xij) +
√
xij(1− xij)
(1− xij)2 + h2jj(16pi2v4)−1
]
+
1
4piv2hii
∑
j 6=i
(1− xij)Im{hji(mD)iα(m∗D)jα}
(1− xij)2 + h2jj(16pi2v4)−1
, (4.10)
where hij ≡ (mDm†D)ij . The final B − L asymmetry could be written as
NfB−L = N
in
B−Le
−∑i ∫ dz′Wi(z′) +N leptoB−L , (4.11)
where N inB−L could be a possible pre-existing asymmetry at an initial temperature Tin and
N leptoB−L is the contribution from pure leptogenesis. In this work we assume any pre-existing
asymmetry (so called strong thermal condition [8]) is strongly washed out by the heavy RH
neutrinos. Therefore, we are in a strong washout scenario. Thus in the washout term in Eq.4.5,
the ∆L = 1 scattering term W∆L=1i can be safely neglected [65]. However, a particular washout
regime is a matter of choice in our discussion. One can neglect the pre-existing asymmetry
assuming there is no source of asymmetry production prior to the the leptogenesis phase and
explore a weak washout regime as well. In that case inclusion of scattering would only affect the
asymmetry production efficiency [65] but the qualitative conclusion drawn in a strong washout
regime would remain the same. For our purpose, we shall also neglect the non-resonant part
of the ∆L = 2 term W∆L=2i which is relevant only at higher temperature. Now the relevant
washout term Wi ' W IDi can be written as (after properly subtracting the real intermediate
state contribution of ∆L = 2 process)
W IDi =
1
4
Ki
√
x1iK1(zi)z3i . (4.12)
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The final baryon to photon ratio is given by
ηB = asph
N leptoB−L
N recγ
' 0.96× 10−2N leptoB−L , (4.13)
where Nγ is the photon density at the recombination and the sphaleron conversion coefficient
asph ∼ 1/3. In a given model, this ηB has to be compared with measured value [83]
ηCMBB /10
−10 = 6.3± 0.3. (4.14)
In the mass regime 109 GeV < Mi < 10
12 GeV, interactions due to tau charged lepton flavour
are fast enough to break the coherent evolution of the quantum states |`i〉 before it inversely
decays to Ni. The |`i〉 is then projected into a two flavour basis characterised by the eigenstates
along the directions of τ and τ⊥i = e + µ. In the three flavour regime, i.e. Mi < 10
9 GeV,
the muon charge lepton flavour comes in to equilibrium thus breaks the coherent evolution of
the states which is along τ⊥i and one resolves all the flavours (e, µ, τ) individually (for both
the flavour regimes, we are assuming strong decoherence so that the density matrix3 is flavour
diagonal [64,84]). Thus for each flavour regime, one has to track the lepton asymmetry in the
relevant flavours. For example, if we are in the two flavour regime, the lepton asymmetry has
to be tracked in τ and τ⊥i flavours. The Boltzmann equations for a generic flavour ‘α’ could
be written as
dNNi
dz
= −Di(NNi −N eqNi), with i = 1, 2 (4.15)
dN∆α
dz
= −
2∑
i=1
εiαDi(NNi −N eqNi)−
2∑
i=1
P 0iαW
ID
i N∆α . (4.16)
Here N∆α is the asymmetry in the flavour α analytic solution for which can be obtained as
N∆α = −
2∑
i
εiακiα (4.17)
with the efficiency factor
κiα(z) = −
∫ ∞
zin
dNNi
dz′
e−
∑
i
∫ z
z′ P
0
iαW
ID
i (z
′′)dz′′dz′. (4.18)
For numerical integration purposes one can set very small value of ‘zin(∼ 0)’ and a very large
value for ‘z(∼ 103)’. The final baryon to photon ratio is then given by
ηB = 0.96× 10−2
∑
α
N∆α . (4.19)
The quantity P 0iα is the tree level probability of a quantum state produced by the ith heavy
neutrino being in the flavour α and has an expression
P 0iα ≡ Kiα/Ki, (4.20)
3An elaborate computation of leptogenesis in density matrix formalism is given in Ref. [85]
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where Kiα is the flavoured decay parameter defined as
Kiα =
Γiα + Γ¯iα
H(T = Mi)
≡ |mDiα |
2
Mim∗
(4.21)
with m∗ ' 10−3 being the equilibrium neutrino mass. Let us trace out another important
parameter ∆Piα = Piα−P¯iα strongly relevant to our discussion. The tree+loop level projectors
are given by Piα = |Aiα|2 = P 0iα + ∆Piα2 , P¯iα = |A¯iα|2 = P 0iα − ∆Piα2 . The quantity ∆Piα, the
difference between the tree+loop level projectors, is nonzero since, in general |Aiα| 6= |A¯iα| [13].
Now the flavoured CP asymmetry parameter εiα of Eq.4.9 can be simplified as
εiα = P
0
iαεi + ∆Piα/2. (4.22)
Though the quantity ∆Piα is not significant in the washout terms, for the CP asymmetry
parameter it is remarkably relevant. In fact we show in the model under consideration, the
entire source of CP violation in a particular flavour ‘α’ arises due to the ∆Piα term.
As mentioned in the introduction, here we discuss only the three flavour regime (Mi < 10
9
GeV) of the leptogenesis to show the dramatic difference between the conclusion drawn in case
of a CP extended µτ interchange [26, 28, 80] and the proposed CP extended µτ mixing. Let’s
clarify explicitly why we do that.
One flavour regime: First of all, for the one flavour regime (Mi > 10
12 GeV), the second
term in Eq.4.10 is vanishing when summed over ‘α’, i.e, Im{hji(mD)iα(m∗D)jα} = Im[|hji|2] =
0. The first term is proportional to Im{h2ij}. Using Eq.3.19, the ‘h = mDm†D’ can shown to
be a real matrix. Thus the flavour summed CP asymmetry εi =
∑
α εiα vanishes for any ‘i’.
Therefore successful baryogenesis is not possible in the unflavoured regime. This result has
also been obtained in CP extended µτ interchange symmetry [26, 28, 80]. One can also show
εie = 0, since the first column of the mD matrix in Eq.3.19 is real. Thus similar to CP ex-
tended µτ interchange, εiµ ≡ ∆Piµ/2 = −εiτ . Therefore, in the one flavour regime, the results
obtained for leptogenesis in CP extended µτ mixing, are similar to CP extended µτ interchange.
Two flavour regime: As already mentioned, we are probing a strong washout scenario as-
suming any pre-existing asymmetry produced prior to leptogenesis phase has been strongly
washed out. This is only possible in the three flavour regime. For the two flavour regime (109
GeV < Mi < 10
12 GeV), note that this is not possible since, though in the direction of τ
flavour the asymmetry could be washed out assuming Kiτ  1, however, a component of the
asymmetry would always survive in the direction orthogonal to the τ⊥ [84, 86], irrespective of
the value of Kτ⊥ . Thus a pure leptogenesis scenario breaks down. In any case, as mentioned
earlier, along with the strong washout scenario, one can also probe the weak washout regime
relaxing the strong-thermal condition (pre-existing asymmetry), which has been done so far
in the literature in the context of CPµτ ). However, for the latter case, apart form showing
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a successful baryogenesis, we hardly expect any prediction on low energy neutrino parame-
ters, since the number of parameters in mD is still larger than the number of experimental
constraints. Thus in the two flavour regime, from leptogenesis perspective, there will be no
significant difference between a CP extended µτ interchange and a CP extended µτ mixing.
But certainly differences will be there if one assumes texture zeros on top of the CP extended
µτ mixing [47, 59, 87] or imposes the symmetry in a minimal seesaw famework [28, 87]. Since
in that case there would be less number of parameters and one might expect predictions from
the baryogenesis constraint on the physical parameters such as θ23 which is nonmaximal in
general in the µτ mixing scheme. However, an elaborate description in this context, is beyond
the scope of this paper.
Three flavour regime: Now coming back to the discussion of leptogenesis in the three flavour
regime, first of all one has to go beyond the hierarchical scenario, since in the hierarchical limit
the CP asymmetry parameter, say, ε1α is proportional to M1 and if M1 < 10
9 GeV, one can
not generate the observed baryon asymmetry [14]. However if the mass differences of the
RH neutrinos are close enough, one expects a significant enhancement in the loop functions,
particularly self energy contribution to the CP asymmetry parameter increases and therefore
even if Mi < 10
9 GeV, required baryon asymmetry could be generated due to this enhancement
in the CP asymmetry parameter [67]. However, in that scenario one has to consider the
asymmetry generated by all the heavy neutrinos, since in the standard hierarchical scenario,
contribution from the heavier RH neutrinos are washed out by the lighter RH neutrinos. In
the limit of quasi-degeneracy (QD) in the RH neutrino spectrum, the contribution from the
heavier neutrinos can not be washed out. For an explicit analytical explanation of leptogenesis
due to QD mass spectrum, we refer to [88]. For the CP extended µτ interchange symmetry as
well as mixing, the NB−L asymmetry could be written as
NfB−L =
∑
α
N∆α = −
2∑
i
(εiτκiτ + εiµκiµ) = −
2∑
i
εiτ (κiτ − κiµ) = −
2∑
i
εiτκ
eff
i , (4.23)
where we use the fact that εie = 0 and εiµ = −εiτ and at z →∞, the efficiency factor κiα has
the expression
κiα = −
∫ ∞
0
dNNi
dz′
e−
∑
i
∫∞
z′ (Kiα/Ki)W
ID
i (z
′′)dz′′dz′ α = (τ, µ). (4.24)
Now notice that, for CP extended µτ interchange (θg → pi/4), using Eq.3.19 and Eq.4.21 the
decay parameters can be obtained as
KI1µ =
b21 + b
2
2
M1m∗
= KI1τ , K
I
2µ =
c21 + c
2
2
M2m∗
= KI2τ , (4.25)
where ‘I’ stands for ‘Interchange’. Thus from Eq.4.24 one concludes κiµ = κiτ and hence, from
Eq.4.23, NfB−L = 0. Therefore, even if we are in the resonance regime of leptogenesis, baryon
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asymmetry vanishes due to the exact cancellation of the efficiency factors. But for the CP
extended µτ mixing this is not the case. This is since, though the decay parameters Kiµ have
the same expression as shown in Eq.4.25, since θg 6= 0 in general, KMiτ can be obtained as
KMiτ =
[Re(mD)iµ]
2 tan2 θg + [Im(mD)iµ]
2 cot2 θg
Mim∗
(4.26)
which reduces to KIiτ of Eq.4.25 in the limit θg → pi/4. Here ‘M ’ stands for ‘Mixing’. In fact,
given the distribution of δ in Fig.5, we can approximate sin δ ∼ 1 and therefore using Eq.3.9,
we can recast KMiτ as
KMiτ =
[Re(mD)iµ]
2 tan2 θ23 + [Im(mD)iµ]
2 cot2 θ23
Mim∗
. (4.27)
Thus since KMiτ 6= KMiµ , from Eq.4.23 NB−L is nonvanishing. It is now clear that to obtain
a nonzero baryon asymmetry, in this CP extended µτ mixing framework, one always needs
deviation of θ23 from maximality. Now parametrizing θ23 as θ23 = (pi/4 + δx), where the
parameter δx accounts for the nonmaximality of θ23, Eq.4.27 could further be simplified as
KMiτ = K
I
iτ (1 + 4δx cos 2ξi), ξi = tan
−1 Im[(mD)iµ]
Re[(mD)iµ]
. (4.28)
Thus barring a very special solution cos 2ξi = 0, one always obtains a nonvanishing baryon
asymmetry for a nonmaximal value of θ23. Now the κ
eff
i of Eq.4.23 can be obtained as
κeffi = 4δxK
I
iτ cos 2ξ
∫ ∞
0
dNNi
dz′
e−
∑
i
∫∞
z′ K
I
iτK
−1
i W
ID
i (z
′′)dz′′
∑
i
∫ ∞
z′
K−1i W
ID
i (z
′′)dz′′dz′. (4.29)
For convenience we may choose cos 2ξi ≡ cos 2ξ = 1 4. Then we may further parametrise the
κeffi as
κeffi ≤ mmax
4δx
m∗
∫ ∞
0
dNNi
dz′
e−
∑
i
∫∞
z′ K
I
iτK
−1
i W
ID
i (z
′′)dz′′
∑
i
∫ ∞
z′
K−1i W
ID
i (z
′′)dz′′dz′, (4.30)
where m is the overall mass scale of the light neutrinos. The effective efficiency factor in Eq.4.30
has very interesting features. First of all, from the perspective of κeff1 (effective production
efficiency due of N1), it encounters a two step suppression. The first one is due to the N2-
washout, since unlike the hierarchical scenario, in the QD limitN2 washout significantly reduces
the asymmetry produced by N1 [88] and the second one is due the δx which appears as a pre-
factor in Eq.4.30. In case of κeff2 , firstly it increases since the N1 interactions cannot fully
washout the asymmetry produced by N2 (the production from N2 is still on), however again
similar to κeff1 , it faces a suppression by δx. However, due to the small mass splitting between the
RH neutrino masses, at the end, one obtains comparable production efficiencies (κeff1 ' κeff2 ).
4This is always not the case. The parameter ξ is model dependent. However, as we have already pointed
out earlier, the models with CP symmetries, one can not constrain the mass matrix element only by oscillation
data, unless some special conditions are assumed [59]. Thus cos 2ξ would be a probable solution.
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Let us now have a numerical estimate of the final baryon asymmetry. From Eq.4.14, it is clear
that NB−L =
∑
αN∆α ' 6.3× 10−8. Now if we choose a very small value of the pre-factor in
Eq.4.29, say, 4δxK
I
iτ cos 2ξ ' 0.1 (this can be done, e.g., either by choosing a very small value
of cos 2ξ or very small value of δx), a numerical integration of Eq.4.29 gives κ
eff
i ' 2 × 10−5,
where we have assumed Kiµ = Kiτ = 25. Therefore, to be consistent with the observed value
of NB−L, one needs |εiτ | ' 1.5 × 10−3. This has also been reproduced In Fig.6 by solving
the Boltzmann equations, assuming both the RH neutrinos contribute equally (this is justified
when one chooses very small mass splitting between RH neutrinos, which is needed in this
scheme to obtain resonance in the three flavour regime). One can also comment on the mass
scale of the RH neutrinos. For example, let say the resonant enhancement of the CP asymmetry
happens when the mass difference ∆ =
√
x12 − 1 ' 10−8. Then assuming the elements of mD
in Eq.4.10 as mD ∼
√
Mm one obtains the mass scale of the RH neutrinos M ∼ 107 GeV.
One can explore another interesting situation, assuming cos 2ξ = 1, mmax '
√
|∆m223| and
the current best-fit of θ23 ' 49.60 (δx ∼ 4.60). This would correspond to the value of the
pre-factor in Eq.4.30 as mmax
4δx
m∗ ' 8. In that case the correct value of ηB could be generated
with |εiτ | ' 2.6× 10−5 and consequently the mass scale of the RH neutrinos could be lowered
to ∼100 TeV.
Figure 6: Variation of NB−L with z assuming 4δxKIiτ cos 2ξ = 0.1 and |εiτ | ' 1.5 × 10−3. The blue
line is the contribution from a single RH neutrino. The red line which matches the observed range,
represents contributions from both the RH neutrinos.
Having established the possibility of resonant leptogenesis in the CP extended µτ mixing
scheme, the main purpose of the leptogenesis study in this paper is served. However, still
one would like to consider some other interesting possibilities such as flavour coupling [68–70].
So far we have discussed the leptogenesis scenario without flavour coupling matrix [66] in the
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Boltzmann equations. With flavour couplings the Boltzmann equation of Eq.4.15 and Eq.4.16
will be modified as
dNNi
dz
= −Di(NNi −N eqNi), with i = 1, 2 (4.31)
dN∆α
dz
= −
2∑
i=1
εiαDi(NNi −N eqNi)−
2∑
i=1
P 0iαW
ID
i
∑
β=e,µ,τ
CαβN∆β , (4.32)
where the flavour coupling matrix Cαβ is given by
Cαβ =
188/179 32/179 32/17949/358 500/537 142/537
49/358 142/537 500/537
 (4.33)
which properly accounts for the asymmetry in lepton doublets as well as Higgs asymmetry. One
might wonder whether the flavour coupling effect can save the situation for the CP extended µτ
interchange symmetry, i.e., whether the entries of the flavour coupling can create a mismatch
between the decay parameters so that one obtains a nonzero κeffi . Starting from the simplest
case, i.e., assuming the diagonal structure of the C matrix (which is usually used in the
leptogenesis computations for neutrino mass models), if one writes the Boltzmann equations,
the scenario does not change. This is since the Cµµ and Cττ elements are the same and
therefore they are unable to create any mismatch between the decay parameters. Thus similar
to the previous scenario (C = I) there will be no net lepton asymmetry. Interestingly, even if
one assumes the nondiagonal structure of the C matrix, one cannot generate nonzero lepton
asymmetry. Since, P 0iµ = P
0
iτ , the muon and tau flavour will couple each other with equal
strength (142P 0iµ/537). Therefore there will be no net asymmetry mismatch since we already
know the production is equal an opposite (εiµ = −εiτ ). Mathematically, this can be understood
in the following way. We can go to a basis where the Boltzmann equation in Eq.4.32 is diagonal
in a generic flavour space, say α′. We can do this by the means of a unitary transformation as
dN∆α′
dz
= −
2∑
i=1
εiα′Di(NNi −N eqNi)−
2∑
i=1
W IDi V
−1P 0iαCαβV N∆β′ , (4.34)
where
N∆β′ = V
−1N∆β , εiα′ = V
−1εiα, V −1P 0iαCαβV = P
0
iβ′δα′β′ . (4.35)
Now similar to Eq.4.17, the NB−L in the prime basis can be written as
NB−L =
∑
α′
N∆α′ = −
∑
α′
2∑
i
εiα′κiα′ . (4.36)
For numerical purpose, let’s assume the total decay parameter Ki = 60,Kiµ = Kiτ = 25. Thus
the matrix V which diagonalizes P 0iαCαβ is given by
V =
0.125 0.000 −0.9710.701 −0.707 0.166
0.701 0.707 0.166.
 . (4.37)
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This implies εie′εiµ′
εiτ ′
 =
0.125 0.000 −0.9710.701 −0.707 0.166
0.701 0.707 0.166.

−1εieεiµ
εiτ
 =
 01.414εiτ
0
 . (4.38)
Therefore the asymmetry vector in the prime basis is given byN∆e′N∆µ′
N∆τ ′
 =
 0−1.414∑i εiτκiµ′
0
 (4.39)
which should then be transformed in the unprimed basis (original basis of leptogenesis) asN∆eN∆µ
N∆τ
 =
0.125 0.000 −0.9710.701 −0.707 0.166
0.701 0.707 0.166.

 0−1.414∑i εiτκiµ
0
 =
 00.996∑i εiτκiµ′
−0.996∑i εiτκiµ′
 (4.40)
Thus
∑
αN∆α = 0 and we have vanishing NB−L. However for the proposed µτ mixing scheme,
where P 0iµ 6= P 0iτ in general, the asymmetry in the muon and tau flavour will couple each other
with different coupling strength. Thus even if we consider diagonal C matrix, we obtain a
nonvanishing lepton asymmetry. But most interesting point is, when we take the general form
of the C matrix (nondiagonal), a portion of the net asymmetry generated due to the interplay
of the muon and tau flavour, will be injected in the electron flavour also.
Figure 7: Variation of NB−L with z assuming mmax 4δxm∗ = 8 and |εiτ | ' 2.67×10−5. The blue line is the
asymmetry injected in the electron flavour through flavour couplings. The green line is net contribution
from the muon and tau flavour asymmetries.The red line which matches the observed range after taking
into account the injected asymmetry in the electron flavour.
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Thus even if we start form a scenario with vanishing production term in the electron flavour
(εie = 0) due to the off-diagonal terms mainly due to the Ceµ and Ceτ term we can generate
a nonvanishing lepton asymmetry in the electron flavour. Though, for a fixed value of εiα,
magnitude of the injected asymmetry will depend on how strong the mismatch of the asymme-
try in muon and tau flavour. In Fig.7, along with number densities of the RH neutrinos and
flavoured inverse decay rates (dashed lines), we present the variation of |NB−L| (solid lines).
The blue line (solid) represents the injected asymmetry in the electron flavour. The green
(solid) represents the net asymmetry generated by muon and tau flavour. The red (solid) line
is the final NB−L when we combine all the flavours. This is clear that after taking into account
the asymmetry in electron flavour, we obtain correct value of NB−L. This shows the impor-
tance of the off-diagonal terms in the flavour coupling matrix which are neglected in general
in the computation in leptogenesis. The discussed CP extended µτ mixing is thus a novel low
energy model which facilitates the understanding of flavour couplings in Boltzmann equations
for leptogenesis in a very clear way.
Before concluding, we would like to highlight the main results of this paper and make few
remarks regarding future prospect of this work.
•We derive model independent correlations between the Dirac CP phase and the light neu-
trino mixing angles for generalized associate µτ symmetries which we name as the associate
µτ mixing symmetries.
• We have shown that the current data on δ and θ23 could be better explained by the
proposed mixing symmetry.
• After a general discussion on µτ mixing which can be realized in many of the neutrino
mass models, we discuss the CP extension of it and find novel testable correlations between δ
and the light neutrino mixing angles.
• We then discuss the baryogenesis via leptogenesis mechanism in the three flavour regime
and show unlike the CP extended µτ interchange, a resonant leptogenesis is possible in the
CP extended µτ mixing and a nonzero baryon to photon ratio always requires nonmaximal θ23
which is now preferred by the current data.
•We have shown quantitatively, even after inclusion of flavour coupling effect in leptogene-
sis computation, the usually drawn conclusion of a vanishing asymmetry in the fully flavoured
regime is still valid for the CP extended µτ interchange symmetry.
• The proposed CP extended µτ mixing is a novel example of a neutrino mass model where
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the role of flavour couplings in leptogenesis mechanism is very explicit.
The paper is presented entirely from mixing perspective since, whilst the µτ mixing or
its CP extensions are very attractive in light neutrino the mixing sector, they don’t entertain
the predictions in the mass sector. Therefore, explicit models with less number of parameters
with µτ mixing or its CP extended version would be of great interest to search for. Since
in that case, besides all the model independent correlations presented in this work, there
would be definite statements on the masses as well. These models would also have interesting
consequences in leptogenesis. For example, as we have shown in the CP extended version of
µτ mixing, since we don’t have the predictions on the masses, we have assumed conditions
such as cos 2ξ = 1, Kiτ = 25 etc. But in the models with less number of parameters, we would
have exact statements on the assumed parameters. In that case we can have precise statement
on the nonmaximality of θ23 require to generate the observed baryon asymmetry via resonant
leptogenesis mechanism even if considering the RH mass scale at O(TeV) [67,89]. To constrain
the parameter space of such predictive models it would be then interesting to consider the
heavy neutrino flavour oscillation effects [90–92] to increase the robustness of the low energy
predictions.
5 Conclusions
In this work we promote the idea of µτ mixing symmetry which is a generalized version of the
µτ interchange symmetry. After systematically deriving the model independent correlations
among the Dirac CP phase and the light neutrino mixing angles in the µτ mixing scheme, we
show that the stringent condition of simultaneous maximality of δ and θ23 which is a well known
prediction of the interchange symmetry (currently disfavoured by oscillation data) could be
relaxed. We show that the present data or the current trend on δ and θ23 seeks deviation from
the µτ interchange scheme. Encoding the deviation in a single parameter θg which generalizes
µτ interchange to the µτ mixing for θg 6= pi/4, we then comment on the strength of the deviation
to be consistent with present data and also show how the parameter θg could be related to the
model parameters in neutrino mass models that exhibit µτ mixing at the low energy. Inclusion
of the parameter θg opens up possibilities to explore several classes of the µτ mixing scheme.
We particularly discuss the CP extended version of the µτ mixing symmetry and derive novel
correlations among δ and the light neutrino mixing angles. Particularly we show, in this class
of models, most probable values of δ prefers maximal Dirac CP violation while the atmospheric
mixing angle θ23 is not necessarily maximal. We also show, that unlike the CP extended version
of the µτ interchange, the mixing scenario is able to explain the observed baryon asymmetry in
the three flavour regime via resonant leptogenesis mechanism. Particularly we show, barring a
very special choice in the parameter space, the observed baryon asymmetry is proportional to
the deviation of θ23 from its maximality. Thus to explain baryon asymmetry simultaneously
25
with neutrino mixing, the CP extended µτ mixing symmetry favours nonmaximal values of θ23.
After a qualitative as well as quantitative comparison of the leptogenesis scenario in the three
flavour regime between the CP extended interchange and mixing symmetry, we show, whilst
for the interchange scenario, even if we include off-diagonal flavour coupling matrix (C) in
the Boltzmann equation for the leptonic number densities, the usual conclusion of obtaining a
vanishing asymmetry in the three flavour regime is unchanged, however, in the mixing scheme,
the off-diagonal terms of the C matrix play an important role. In particular, the CP extended
µτ mixing is a novel example of a low energy neutrino mass model, in which even if one does
not have any source term for the lepton asymmetry in a particular flavour, a sizeable amount of
asymmetry could be injected to that flavour via off-diagonal elements flavour coupling matrix.
This in turn emphasizes the importance of the usage of the general structure flavour coupling
matrix (which is assumed to be diagonal in most of the leptogenesis studies) in the Boltzmann
equations.
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